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Appendices

Appendix A2 pp. (574-576)
Exercises

1. Step 1: The formula holds for n = 1, because
| =[x
Step 2: Suppose
|x1 +x; +---+xk| < |x1|+|x2|+---+|xk|.
Then
|x1 +X2 ++xk+1| S|x1 +X2 ++xk|+|xk+1|
by the triangle equality. So, by the transitivity
of <,
|x1 +X2 ++xk+1| S|x1|+|x2|++|xk+1|
The mathematical induction principle now
guarantees the original formula for all n.

2. Step 1: The formula holds for n = 1, because
C(+nd-r _1-r*

1-r 1-r

Step 2: Suppose

1+r

2 X l_rk+1
I+r+r"+-+r" = . Then

T+r+r? otk =

1-r
The mathematical induction principle now
guarantees the original formula for every
positive integer n.

3. Step 1: The formula holds for n = 1, because
d
—(x)=1.
dx (

Step 2: Suppose di(xk) = kx*~! . Then
X

d g+1,_d &
dx(x )_dx(xx)

d v d
— . + —
X dx(x )+ x dx(x)

= x- kK7l i
= k¥ +xF
= (k+1)x*.
The mathematical induction principle now

guarantees the original formula for any
positive integer n.

Step 1: The formula holds for n = 1, because
S ) =1 ().

Step 2: Suppose

Sqxp )= fx)+ fop)++ fx).
Then by the given property,

JQaxy - Xepy)

= fOqxy )+ f ()

= O+ )+ 4 f (X))

The mathematical induction principle now

guarantees the original formula for every
positive integer n.

Step 1: The formula holds for n =1, because

21
3 3
Step 2:
Suppose£+%+~-+ikzl—Lk.Then
33 3 3
U T S
31 3 3k+1 3k 3k+1
. 3=2
_3k+1
_ 1
gkl

The mathematical induction principle now
guarantees the original formula for all positive
integers n.

6. Experiment:

n 1 2 3 4 5 6 7
n! 1 2 6 24 120 720 5040
n3 1 8 27 64 125 216 343

Step 1: The inequality holds for n = 6,
because 720 > 216.

Step 2: Suppose k!> k>. Then

(k+D!>(k+DE>.

Fork>4, k> 1+g+L (since %< 2 and
ko k2 k

iz< 1} and so k> > kZ +2k+1=(k+1)%.

k

So (k+1Dk> > (k+1)°, and thus by transitivity

of >, (k+1)!>(k+1)°.

The mathematical induction principle now

guarantees the original inequality for all
n=6.
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7. Experiment:

n 1 2 3 4 5 6

2" 12 4 8 16 32 o4

211 4 9 16 25 36

Step 1: The inequality holds for n = 5, because
32> 25.

Step 2: Suppose 2K > k2. Fork > 3, k> 2+%

(Since % < lj, and so k% > 2k +1. Then by

the transitivity of >, 2F > 2k +1. And thus
2K+ Z ok Lok S k2 42k +1=(k+1).
The mathematical induction principle now

guarantees the original inequality for all
n25.

. Step 1: The inequality holds for n = -3,

because 27 =—
ko1
Step 2: Suppose 2" = 3 Then

PARLISE, B L g = %, and by the transitivity

of > and the fact that iz %, PARLDS l

8
The mathematical induction principle now
guarantees the original inequality for n > -3.

. Step 1: The formula holds for n =1, because
1
1(1+§)(1+1) B

3
Step 2: Suppose

12 =

k(& + %)(k +1)
-

12422+ 4k2 =

10.
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Then 1% +22 +---+(k+l)2
1
_ k(k+23)(k+1)+(k+l)2
k(k +%)(k+1)+3(k+1)2
3
I+ (5)k +(B)k+3
3
(k+1)(k+3)(k+2)
- 3
kD[ (kDL e+ +1]

3
The mathematical induction principle now
guarantees the original formula for all positive
integers n.

Step 1: The formula holds for n = 1, because

2
12 =(l(1;1)j 1.

Step 2: Suppose

2
13+23+...+k3 :(Mj .
2

Then
P+ + 4k +1D)°

2
= [@j +(k+1)°

2 2
=@+(k+1)(k+1)2

k> )
= T+k+l (k+1)

2
:{(k 22) :l(k +1)2

(k+DKk+2) Y

— |-
The mathematical induction principle now
guarantees the original formula for all positive
integers n.
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656  Appendix A3

11. (a)

(b)

(V]

Step 1: The formula holds for n =1,
because

k=1 k=1
Step2 Suppose

Z(ak +h) = Zak +Zbk Then

k=1 k=1 k=1
i1
z (Clk +bk)
k=1
i
= 2 (@ +b) |+ (@i +biyy)
k=1
i i
= Z“k + Zbk +a thiy
k=1 k=1
i+1 i+1

k=1 k=1

The mathematical induction principle now
guarantees the original formula for every
positive integer n.

Step 1: The formula holds for n =1,
because

Zwk—bk) Zak Zbk_al
k=1

Step 2: Suppose

Z(ak—bk) Zak Zbk Then
k=1

i+1
z (ak - bk )
k=1
= {Z (ay by )} +(11 = biyy)
k=1
{Z%}{Zbk}am -
k=1 k=1
i+1 i+1

k=1 k=1

The mathematical induction principle now
guarantees the original formula for every
positive integer n.

Step 1: The formula holds forn =1,
because

1 1
ZCak =C-Zak =cqy.
k=1 k=1

i i
Step 2: Suppose ank =c- z a; . Then
k=1 k=1

(d)

i+1 i
z Clpy1 = {Z :l +Cag4
k=1 k=1
i
= { Z :l t ey

g

i+1
= c~Zak+1 ’
k=1

The mathematical induction principle how
guarantees the original formula for every
positive integer n.

n
Step 1: The formula z c=n-c holds for
k=1

1
n =1, because Zczl-c:c.
k=1

l
Step 2: Suppose Z c=i-c.Then

k=1
i+l
ZCzi-c+c=(i+l)-c.
k=1

The mathematical induction principle now
guarantees the original formula for every
positive integer n.

12. Step 1: The formula holds for n =1 (and every
real number x), because

-
X |=

' =]

Step 2: Suppose‘xk ‘ = |x|k . Then

‘ k+1
X

= e ==

The mathematical induction principle now
guarantees the original formula for every
positive integer n (and every real number x).

Appendix A3 (pp. 577-584)
Exercises
a c b
L 1 AY
L= 1 i
9 2 7
Step 1:
x—— <5:—5<x—l<5
2 2

3—5+l<x<§+l
2 2
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Step 2:
—5+l=£35:i,0r
2 9 18
seitos_ 1
2 7 14

The value of ¢ which assures

X——|<o= 4 <x< iis the smaller values,
2 9 7

o=—.
18

a b
( \

C
AN + 7
2.7591 3 3.2391
Step 1:
|x-3[<6=>-6<x-3<6
=>-0+3<x<d+3
Step 2:
—-0+3=2.7591= 6 =0.2409, or
0+3=3.2391= 6 =0.2391.
The value of 8 which assures
|x—3| < 6= 2.7591 < x < 3.2391is the

smaller value, & =0.2391.

. Step 1:

|x-3[<d=>-6<x-3<5
=>-0+3<x<0+3

Step 2: From the graph,
—-0+3=2.61=06=0.39, or
0+3=3.41= 6=041 thus 6 =0.39.

. Step 1:
|x—(-D|<d=>-6<x+1<8
=>-0-l<x<d-1

Step 2: From the graph,

o-1=-20 1 527077, or
9 9

5—1=—E:i:0.36; thus
25 25
5=i=0.36.
25
. Step 1:

|(2x—2)—(-6)| < 0.02 = |2x+4| < 0.02

= -0.02<2x+4<0.02

= —4.02<2x<-3.98= -2.01<x<-1.99
Step 2:

|x—(—2)|<5:—5< x+2<0
=-0-2<x<0-2=06=0.01.

. (@ lim

Appendix A3 657

6. Step 1:

‘\/x+1—1‘<0.1:—O.1<\/x+1—1<0.1

=09<vVx+1<1.1=081<x+1<1.21
= -0.19<x<0.21
Step 2: |x—0|<5:—5<x<5:5=0.19.

. Step 1:

‘w/19—x—3‘<13—l<\/l9—x—3<1

=2<19-x<4=4<19-x<16
=>4>x-19>-16=15>x>3
or3<x<l15

Step 2:

|x-10/<d=>-6<x-10<§

= -0+10<x<d+10.
Then-0+10=3=0=7,0or 6 +10=15
= J=35; thus § =5.

. Step 1:

‘xz —4‘ <05=-05<x>-4<05

=3.5<x? <4.5:>\/§<|x|<\/ﬁ
= —4.5 <x<—x/§,f0rx near — 2.
Step 2:

|x—(-2)|<6=>-6<x+2<6
=-0-2<x<0-2.

Then —86-2=—/4.5

= §=45-2=0.1213,

or 5-2=-/35=5=2-+/3.5=0.1292;
thus 5 =~/4.5-2~0.121.

2
X +6)c+5= lim (x+35)(x+D

x—-5 x+5 x—=5 x+5
= lim (x+1)
x—-5
=—4, x#-5.

(b) Step 1:

2
[LMJ —(—4)| < 0.05

x+5

o 0.05<EEIEFD 605
x+5

= 405<x+1<-395 x#-5
= -5.05<x<-495, x#-5.
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Step 2:
|x=(-5)|<6=>-6<x+5<8 >-6-5<x<5-5.
Then —0—-5=-5.05==0.05, or 6 —5=-4.95= 6 =0.05; thus ¢ =0.05.

10. (a) lim f(x)= lim (4—2x)=2and lim f(x)= lim (6x—4)=2, so lim f(x)=2.
+ + x—1

x—1- x—1- x—l1 x—1
(b) Step 1:
x<1:
(4-2x)-2<05=2-2x<0.5 = x> 2_20'5 =%;
x>1:
(6x—4)—2<0.5= 6x—6<0.5 :>x<6+0'5=£.
Step 2:
|x-1]<d=>-0<x-1<6 =>1-5<x<1+6.
Then1—5:§:5:l, 0r1+5z£:5:i.Chooseézi.
4 4 12 12 12
11. (a) lim(sinx)=sinl=0.841
x—1
(b) Step 1:

|sinx—sin1| <0.01 = -0.01<sinx—sin1<0.01=sin1-0.01 <sinx <sinl1+0.01

= sin"!(sin1-0.01) < x < sin~' (sin 1+ 0.01)
Step 2: |x—1|<5:—5<x—1<5 =>1-0<x<1+9.

Then 1-& =sin~'(sin1-0.01) = & =1—sin"!(sin1 - 0.01) = 0.0182, or
1+ =sin"'(sin1+0.01) = & =sin "' (sin1+0.01) 1= 0.0188.
Choose 6 =0.018.

Alternately, graph y; =sinx, y, =sinl—1, and y; =sinl1+1. The curve intersects the lines at
x=0.98175=1-0.01825 and at x =1.01878 =1+0.01878. We may choose ¢ = 0.018.

<

-~

Intersection
#=1.018784 . .Y=.B54470898 .

[0.9, 1.1] by [0.78, 0.88]

12. (@) lim "= ‘21 _
o124 (<12 —4

1
3
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(b) Step 1:

X

5 1<0.1
x =4

7 5 28 13 , 52
X >U>—Xx -—
30 30 30 30

bl

which using the quadratic formula implies

=~—0.7883 or

< 15-+421
7

S 15++/421
7

=~ 5.0740, and also

15-+901 15++/901
13

=-1.1551<x<
13
= 3.4628.

15-+/901 15—-+/421
T <x< .

7

Thus

Step 2:
|x—=(-D|<S=>-6<x+1<8
=>-0-1<x<do-1.

_5_1=15—\/901
13
L 5o N01-28 0.1551, or
13
P 15-/421
7
= 5=22+ 21 _ 00117,

Choose 0 =0.155.

Alternately, graph y; =

>

x“ -4
V2 :%—0_1, and ys3 :%+0.1.The curve

intersects the lines at

x=-1.15513=-1-0.15513 and at

x=-0.78833 =-1+0.21167. We may

choose 0 =0.155.
N

N

Intersection
®=-.7BB3264 Y=.23333332

[-1.5,0] by [-0.15, 0.55]

Appendix A3

13. Step 1:

14.

15.

Forx#1,

‘x2—1‘<8:>—8<x2—1<8

Sl-g<x’<l+e

= l-€ <|x|<l+¢

= 1—8<x<«/§nearx:1.
Step 2:

|x—1|<5:>—5<x—1<5
=>-0+l<x<d+1.

Then —5+1=\/;:§=1—\/§,
or S+1=1+e = 5=l+e-1.
Choose = min {1—@,@—1},

that is, the smaller of the two distances.

Step 1:

2

1 1
<E=-E<—5-<E
X

X

1 1
S ——E<—<-+¢€

3 _2
1 3e
3

1+ 3¢
3
3

1
—2<

>x2>

1-3¢ 1+ 3¢
/ 3 | / 3
1 3¢’

for X near f

1+3g
Step 2:

‘x—\/g‘<5:>—5<x—\/§<5
=3- §<x<x/§+5

Then 3-8 = 25 J3-

1+3¢’

346=|—— == | .
1-3¢ 1-3¢
Choose

. } 3
6 = min {\/g— Y —\/g}

(@) J5+8)-5=e=>V6=e=5=¢

= 1=(55+€)

(b) lim vx-5=0

x—5"

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.
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16.

17.

18.

Appendix A3

@ J4-(4-0)=¢e=> S=e=08=¢>

= I1=4-£%4

(b) lim v4-x=0

x—4"

If L, ¢, and k are real numbers and

lim f(x) =L, show that for any £> 0, there is
X—C

a 0> 0 such that
0<|x—c|<8 =k f(x)=k-L|<e.
Proof: For any £> 0, let & = ﬁ Since

lim f(x)+ L, thereisa 0> 0 such that
X—cC

0<|x—c|<53|f(x)—L|<g'=£-

g
Therefore,
0<|x—c|<d=|k- f()-k-L|<e.

If L, M, and c are real numbers and
lim f(x)=Land lim g(x) = M, show that for

X—C X—>C
any £ >0, thereisa 0 > 0 such that

O<|x—c|<d=|f()-gx)—(L+M)|<e.
Proof:

|f(x)—g(x)—(L—-M)|

=|f()—L+M - g(x)|

<|f)—L|+|M - g(x)|

=[f (0~ L|+[g(x)-M]|

by the triangle inequality. Since

lim f(x)=L, lim g(x)=M, for any & there

X—C X—C
exist J;, d,such that

0<fr=c|<d =|f-L|<7 and

0<|’C_C|<52:>|<s’(x)—M|<§.
Choose § =min {4;,6, }. Then
0<|x—c|<s
=>|f(x)—L|+|g(x)—M|<§+§:g
=|f-g@-(L-M)|<e

19.

20.

21.

)1(i_>mc[fl(x)+f2(x)+f3(x)}
= ligl LA+ f(0]+ L3

=1, + L, + L5, by two applications of the Sum

Rule.

To generalize:

Step1 (n=1):lim fj(x)=1L; as given.
X—cC

Step 2: Suppose
lim [ 42+ fo(0)++-+ £ (0]

=L +L,+---+L;.Then

lim [£,(0)+ f,(0) ++++ fia (0)]

X—cC

=lim[ () + o)+ + f (O] + Ly

=L +L,+--+L;, by the Sum Rule.

Step 1 (n=1): lim f](x) =1L, as given.
X—C

Step 2: Suppose ligl (filx- [0+ fr (%))

=L Ly L,
Then
ligl(fl (X)- o) fra1 (X))

= lm (f{(x0)) fo(x0) - fr (X)) Ly gy
X—C
=L Ly L., by the Product Rule.

lim x"* = lim (x-x-+---x)=¢c-c-----c=c
X—C x> ————

n factors n factors
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-1

22. lim f(x) = lim(a,x" +a, (X"~ +---+ax+ag)
X—>C

X—C
= lim a,x" +1lim @, ;x" " +---+1lim ax+lim
X—C X—C X—C X—C

=a, lim x" +a, | lim X" +-..+ g lim x+ lim
X—>C X—>C X—>C X—C

=a,c" +a, "+ aic+ay = f(c), where in addition to the items given in the problem, the
Constant Multiple Rule was used (to move the coefficients out of the scope of the limit signs).

lim £(x)

23. By the Quotient Rule, lim f&) _ X0 = f(c)-
x—c g(x)  lim g(x) g(c)
X—cC

24. From the continuity of g, for any € >0 there is a 0 >0 such that
0<[f(0)—-flo)|<d=|g(f(x)—g(f(o)|<e.
The second inequality also holds when f(x) = £(c), so | f(x)— f(c)| < & = | g(f(x)—g(f(c)|<e. But from
the continuity of f, there is a >0 such that 0 < |x—c| <y= |f(x)— f(c)| <. So forany £ >0 thereis a

>0 such that 0 <|x—c|< y=|g(f(x))—g(f(c))| <&, which means that g(f(x))=go f is continuous at

C.

Appendix AS.1 (pp. 586—598)

Exercises

1. (x=h*+(y—k)?=d?
(x—0)2 +(y-2)> =22
x> +(y-2)>%=4

2. (x-W+(y-k?=d>
=P +(y=5) =(¥10)’
(x+D)% +(y=5)2 =10

10+

(=1,5) 4
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3. Complete the squares.
x2 -i—y2 +4x—-4y+4=0
XX +dx+4+yP—4y+4=4
(x+2)% +(y-2? =22
Center = (-2, 2); radius =2

4. Complete the squares.
x? +y2 —4x+4y=0
X2 —dx+4+y> +4y+4=8
2
(x-27 +(y+27? =(242)
Center = (2, -2); radius = 2&
y
5

5. The circle with center at (1, 0) and radius 2
plus its interior.

6. The region exterior to the unit circle and
interior to the circle with center at (0, 0) and
radius 2.

7. y>=8x=4p=8= p=2; focusis (2, 0),
directrix is x =-2

8. y>=-4x=4p=4= p=1; focusis (-1, 0),
directrix is x =1

'R x2:—6y24p=62p=%; focus is

0,—i , directrix is y=i
2 2

10.

11.

12.

13.

14.

15.

2 =2y2417=221’:%; focus is (0, %j,

. o 1
directrix is y = 5

2 2
%—%21202\/4+9 =13
= foci are (i\/ﬁ, O); vertices are (2, 0);
asymptotes are y = iEx
x2 y2
T+T=IDC=M=\/§: foci are
(0, i\/g ); vertices are (0, £3)
X 2
7+y =1=c¢=+2-1=1= fociare
(%1, 0); vertices are(i\/g, 0)

2
yT—xz =1=>c=+4+ :\/g:>foci are
(0, i\/g ); vertices are (0, +2); asymptotes
are y=12x
y2=12x=4p=12= p=3; focusis (3, 0),

directrix is x =-3
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1 1 1
16. y=4x’ > x’=—y=d4p=—=p=—;
y 4y p 4 p 16

. 1 . .. 1
focusis | 0, — |, directrixis y=——
6 16

y= 452

0|— |—
LI I

= oo~
LI

2 2

17. 1632 +25y2 =400 =+ =1
25 16
= c=va?-b> =25-16 =3

foci are (13, 0)

2 2
18. 3x2+2y2=6=>2+2 =1
23

= c=va?-b> =3-2 =1 foci are (0, +1)

19. Foci: (i\/z, 0), Vertices:
(2, )= a=2,c=+2

2
=br=a?-ct=4-(2) =2
2 2
SN A |
4 2

20.

21.

22,

23.

24.

Appendix A5.1 663

Foci: (0, £4), Vertices: (0, £5)

—a=5c=4=b>=25-16=9

2 2
9 25

)c2—yz=1:>c=\/az+b2 =+/1+ =\/5;

asymptotes are y =+ x, foci are (i\/i O)
y

2 2
8y2 —2xt=16=>2 -1 =
2 8

=c=va?+b* =J2+8 =4/10;

asymptotes are y = i%, foci are (0, + \/ﬁ )

5

F2
‘P*r\ _
~d - N
1 gl 1 1 1
/Fl-

Foci: (O,i\/i), Asymptotes: y = £x
= c=+2 and
S=13a=b3c2=a2+b2=2a2
=2=2d">a=1=b=1
:>y2—x2=1

Vertices: (£3, 0), Asymptotes:

y=i%x:>a=3 and

a 3 3
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25. (a)

(b)

26. (a)

(b)

27. (a)

y2 =8x=4p=8= p=2=directrix is
x =-2, focus is (2, 0), and vertex is

(0, 0); therefore the new directrix is

x =-1, the new focus is (3, -2) and the
new vertex is (1, =2).

+27%=8x-1)

x=-1

T T | T 4TI T BN

o F

<

2 2
X . .
—+ % =1= center is (0, 0), vertices

16
are (-4, 0) and (4, 0), c =Va> -b*> =7
= foci are (\/7, 0) and (—\/7, 0);

therefore the new center is (4, 3), the new
vertices are (0, 3) and

(8, 3), and the new foci are (41\/7, 3).

y

2 2
LI 1= center is (0, 0), vertices
16 9

are (-4, 0) and (4, 0), and the asymptotes
are y:i:%x, c=a? +b? =25 =5

= foci are (-5, 0) and (5, 0); therefore the
new center is (2, 0), the new vertices are
(-2, 0) and (6, 0), the new foci are (-3, 0)
and (7, 0), and the new asymptotes are
3(x—2)
=t—
Y 4

28.

29.

30.

31.

(b)

Original parabola: y2 =4x; vertex is (0, 0);
y2 =dx=4p=4= p=1, sofocusis (1, 0)
and directrix is x =—1.

New parabola: (y+ 3)2 =4(x+2); vertex is
(-2, -3), focusis (-1, —3), directrix is x =—3.

2 2
Original ellipse: %-f- y? =1; vertices are

(0, 3) and (0, =3); ¢> =9—6=> ¢ =+/3 = foci
are (0, i\/g); center is (0, 0).
(x+2)> (y+1)
+
9
are (-2, 2) and (-2, —4); foci are
(=2, —1£+/3); center is (=2, —1).

=1; vertices

New ellipse:

2 2
Original hyperbola: T—y? =1; vertices are

(2, 0) and (-2, 0); 2 =4+5=c=3= foci
are (3, 0) and (-3, 0); center is (0, 0);

5
asymptotes are y = iTx.

x-2> (-2% _

5
vertices are (4, 2) and (0, 2); foci are (5, 2) and
(-1, 2); center is (2, 2); asymptotes are

NG

5
=+ (x=2)+2.
y 2(x )

New hyperbola: I

Original hyperbola: y2 —x? =1; vertices are
(0, 1) and (0, —1); 2 =1+1= ¢ =~/2 = foci
are (O, i\/z ); center is (0, 0); asymptotes
are y =*x.

New hyperbola: (y— 1)2 —(x+ 1)2 =1, vertices
are (=1, 2) and (-1, 0); foci are (—1, 1+ ﬁ);
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32.

33.

34.

35.

36.

37.

center is (—1, 1); asymptotes are
y=x(x+1+1.
X2 +ax+y? =12 P +dx+4+yt =12+4

= (x+ 2)2 + y2 =16; this is a circle: center at
C(2,0), a=4

2x% +2y? —28x+12y+114=0
= x? —14x+49+ y? +6y+9=-57+49+9

= (x—7)2 +(y+ 3)2 =1; this is a circle: center
at C(7,-3), a=1

x2+2x+4y—3=0
:>x2+2x+1=—4y+3+1

=(x+ 1)2 =—4(y—1); this is a parabola:
V(=L 1), F(-1, 0)

x> +5y2 +4x=1= x> +4x+4+5y> =4+1

(x+2)?

= x+2)%+5y* =5 +y? =1; this

is an ellipse: the center is (=2, 0), the vertices
are (—21\/3, 0); c=Va?-b* =5-1=2

= the foci are (-4, 0) and (0, 0)

xz—y2—2x+4y=4
= 3 = 2x+1-(y? —dy+4) =1

= (x—l)2 -(y- 2)2 =1; this is a hyperbola:
the center is (1, 2), the vertices are (2, 2) and

0,2); c=va?+b% = JI+1=~/2 = the foci

are (1t \/E, 2); the asymptotes are
y=2=%x(x-1

Volume of the Parabolic Solid:
b/2

i= j / ZEx[h—ﬂxzjdx
0 b2

3
b/2
—omnf” {x—“i}zx

0 b2

2 4P
=27zl{x——x—2}

2 b 0
_ mhb*
=

Appendix A5.1 665

Volume of the Cone:
2 2 2

PRI ) P U P53
3 (2 3 4 12

therefore V; = %VZ

2
38. (a) yl=ki=x= yT; the volume of the

solid formed by revolving A about the

y-axis is
2
N
Vl—jo Y
4 \/E 4
_k_zjo y'dy
PN
5 9

the volume of the right circular cylinder
formed by revolving the rectangle about

the y-axisis V, = 7x*Jkx = the volume

of the solid formed by revolving B about
. 4mx® Jkx

the y-axis is V3 =V, -V =7zx5—\/_'

Therefore we can see the ratio of V5 to V;
is 4:1.

(b) The volume of the solid formed by
revolving B about the x-axis is

Vi = fgﬁ(\/E)Z dt :ﬁk_[gt dt = 7rk2x2 .

The volume of the right circular cylinder
formed by revolving the rectangle about

2
the x-axisis V, = ;z(JE) x = mhx?

=> the volume of the solid formed by
revolving A about the x-axis is

mhx® _ mhx?
2 2
Therefore the ratio of V3 to V] is 1:1.

V3 =V, -V, = mkx? —

39. Let B (-p, y;) be any pointon x=-p, and

let P(x, y) be a point where a tangent intersects

y2 =4px. Now y2 =4px= 2yﬂ=4p
X
P = 2_p; then the slope of a tangent line
dx y
from A is 2 =ﬂ=2—p

x—=(-p) dx 'y
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40.

Appendix A5.1

2

= yz_yyl =2Px+2]72.sincex=:—,we

p
have

2
2 y 2
Y=y =2pl=—|+2p
4p
1
:>y2—yy1=5y2+2p2

L > 2
=Y -y =2p~ =0

= y2 -2y, (y)-4p* =0.

2y /4y +16p

= vy=
Y 2

[ 2 2
=y ty +4p°.

Therefore the slopes of the two tangents
2p

from B are my =——————— and
2 2
Mty +H4p
my = 2p
y = —
2 2
Y=y t4p
2
4 .
:>m1m2=+=—1:thehnes

2 2 2
n _(yl +4p )

are perpendicular.

2
Let y=1/1—% on the interval 0 < x < 2.

The area of the inscribed rectangle is given by

2 2
A(x)=2x| 2 h_% :4;“1—% (since the

length is 2x and the height is 2y)
2 2
A(x) =4 /1—x— X Thus
4 e
4
2 2
A)=0=41-" -2 =0
4 e
4

2
34[1—%J—x2=0:>x2=2:>x=\/5

(only the positive square root lies in the
interval). Since A(0) = A(2) =0 we have

that A(\/E ) = 41is the maximum area, when the

length is 24/2 and the height is V2.

41. (a) Around the x-axis:

9x? +4y? =36 = y? =9—%x2

=Yy =i,/9—%x2 and we use the

positive root

=24r

(b) Around the y-axis:

9x% +4y? =36 = x° =4—gy2

=>x== f4—gy2 and we use the

positive root

=16r

42. 9x? —4y2 =36=> y2 =XT36 on the

= y=i%\1x2—4

interval
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2
2<x<4=>V = .[ [ x2—4j dx

:97”[2 (2 —4)dx

4
3

9_”{)6__4)6}

413
2
HICHIES
4 3 3
:9_”(&8)

43

3
=—(56-24

4( )
=24r

43. x> - y2 =1=> x=H4/1+ y2 on the interval
-3<y<3

v (e )
—2I (\/H) dy

= 2;:[0 A+ y*)dy

3
3
=27{y+y_}
3
0

=24r

2 2
44, yzflxdxzﬁ X +C=&+C;
H H{ 2 2H

2
y =0 when x=030=w(0)
2H

2
therefore y = % is the equation of the

cable’s curve.
d d
diy _drp d

dt dt dt
= 14 —Ip = aconstant

45.

46. PF will always equal PB because the string

has constant length AB=FP+ PA= AP+ PB.

+C=>C=0;

Appendix A5.2 667

Appendix AS.2 (pp. 598-603)

Exercises

2 2

16x2 +25y2 =400 = ~—+ 2=
25 16

= c=va*-b* =25-16 =3
—e=S :%; F (%3, 0); directrices are

a
—0+% -+ +25

(%)

Q

2
2x2+y2=2:x2+y—=1

2
=c=va*-b* =2-1=1

—=e=—= F(0, £1); directrices are

1
a 2’
y=0+Z=+

i
V2
322 +2y7 :6:%+—:1

362\/a2—b2 Z\/3—2=13€=£=L;
a

F (0, £1); directrices are

V3

y= O+—= —==x3

6x2+9y2 =54=2 1Y -
9 6

:>c=\/a2—b2 =\/ﬁ=\/§
e\

Se=—= T =—; F(i\/37, 0); directrices
a

=+3J3

1

NE)
arex=Oiﬂ=i

“

Foci: (0,%£3),e=0.5=c=3and

‘ w

5

a=So3 6 =p2=36-9=27
e 05
2 2

EA
27 36
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10.

Appendix A5.2

Foci: (£8,0),e=0.2 = c=8and

a =£=i=403b2 =1600-64 =1536
e 02
x2 y2
=—Ft—=—=1
1600 1536

Vertices : (£10,0), e=0.24 = a =10 and
c=ae=10(0.24)=24

= b% =100—5.76 =94.24

2 2
Y

= —-+ =1
100 94.24

Vertices: (0,%70),e=0.1=>a =70 and

c=ae=70(0.1)=7 = b> =4900—49 = 4851

x2 y2

-2 42 =
4851 4900

Focus: (\/g, 0), Directrix:

x:i:c:ae:\/gand
NG
a9 a9 N5 9 .5
e 5 2 5 A 9
NG
Se=—.
3
Then
PF=£PD
3
2 5|09
:>\/(x—x/§) +(y-0)° =—‘x——‘
310 5
2
2 5 9
= (x5 +y2=_[x__j
ARG
:>x2—2\/§x+5+y2=§ )c2—£)c+E
9 5005
4 2 y2
=4yl =4s 4=
9 9 4
Focus: (-4, 0), Directrix:
x=—-16=>c=ae=4 and
f=16:>“—§=16:>i2=16:>e2=1
e e e 4
1
=Se=—.
2
Then

11.

12.

13.

PF :%PD: Jor+4? +(y-0)? :%|x+16|

= (x+4)%+y? :%(x+16)2

— x> +8x+16+y2 =%(x2 +32x+256)

2 2

:%x2+y2:48:>—+y—:1

64 48

e=i:>takec=4 anda=5;

2 =a? - =16=25-b* =b*=9
2 2

=b=3 thereforex—+y—=1
25 9
y
4l
2_
7I4 1 :2 1 1 i 1 ;‘ X
2
_4+

The eccentricity e for Pluto is 0.25,

o= 2025=) takec=1anda=4:
a 4

?=a’-bp*=>1=16-b>
= b? =153b=\/B; therefore,
2 2

x_+ Y- 1 is a model of Pluto’s orbit.

16 15

One axis is from (1, 1) to (1, 7) and is 6 units
long; the other axis is from (3, 4) to (-1, 4)
and is 4 units long. Therefore, a =3, b =2 and
the major axis is vertical. The center is the
point C(1, 4) and the ellipse is given by
2 2

(=D &= _

4 9
P =d?-p? =322 =5= =15

L
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therefore the foci are F (1, 4+ \/g ), the

eccentricity is e = £ ?, and the directrices
a
are y= 4i£:4ii:4i¥.

14. Using PF =e- PD, we have
m=%|x—9|
= (x—4)? +y? =g(x—9)2
= x> —8x+16+ y? =g(x2—18x+81)

=322 +y2=20=5x+9y> =180

2 2
or T+ =
36 20
2 2
15. 9x2—16y2 =144 =" -2 -
16 9

= c=va? +b*> =/16+9 =5:>e=£=§;
a

~

asymptotes are y = i%x; F (15, 0); directrices

are sziﬁzig.
e 5
2 2
16. y2-x?=8=2 1 -
8 8

=c=va’ +b> =/8+8 =4

a 8

asymptotes are y =tx; F (0, £4); directrices

are yingzi 2

e

&lllé

17.

18.

19.

20.

21.

Appendix A5.2 669

2 2
8x2 -2y =162 -2 =}
2 8
:>c=\/a2+b2 :\/2+8:\/E
_e_ o _ g
a 2
asymptotes are y =+2x; F (i \/E, O);
directrices are x=0+< = iﬁ = i@
e J5 5
2 2
8y2—2x2 =162 - =1
2 8
:>c=\/a2+b2 :\/2+8:\/E
_e V0 _ g
a 2

Vertices: (0,x1) and e=3=a=1 and

e=S=3>c=3a=3
a
=b2=c?-q*=9-1=8
2 x2
=y —-——=1
i

Foci (£3,0) and e=3=c=3 and

c
e=—=3=c=3a=a=1
a
2

:>b2:cz—a2:9—1:8:x2—y?:1

Focus: (4, 0), directrix: x=2=c=ae=4
and Lo2 % _n 4y

e ez 62

:>eZ=2:>e=\/§.
Then

PF =\2PD
= (=472 +(y—-0) =2]x-2|

= (x-4)2 +y> =2(x-2)2

— %% —8x+16+y> =2(x> —4x+4)

2 2
:>—x2+y2=—83x——y—=1
8 8
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22,

23.

24.

25.

Appendix A5.2

Focus: (-2, 0), directrix: x = —% =>c=ae=2

and 2=l:>%=l:>£=l :)ez =4
e 2 62 2 62 2

=e=2.

Then

PF:2PD:>\/(x+2)2+(y—0)2 =2x+%

2
:>(x-i—2)2 +y2 =4(x+%)

:>x2+4)c+4+y2 =4(x2+x+ij

2
:>—3x2+y2:—3:>x2—y?:1

Jx=D2+(y+3)? =%|y—2|

3x2—2x+1+y2+6y+9=%(y2—4y+4)

= 4x? —=5y? —8x+60y+4=0
= 4(x> = 2x+1)=5(y> —12y+36)
=—4+4-180
2 2
_ -6 (=D _
36 45

1

c
2 =a’+b*> =b? zcz—az; e=—=c=ea
a

=2 =e?a? = b? =e*a*—d? = ctz(e2 -1);

2 2 2 2

X X

thllS, _Z_y_z =1= —2—# = 1, the
a b a~ a“(e” -1
asymptotes of this hyperbola are
y=+v 2 —1-x. Ase increases, the slopes of

the asymptotes increase and the hyperbolas
approach a single vertical line (the y-axis).

The ellipse must pass through (0,0) = c=0;
the point (-1, 2) lies on the ellipse

= —a+2b =-8. The ellipse is tangent to the
x-axis = its center is on the y-axis, so a =0
and b = —4 = the equation is

4x% + y2 —4y=0. Next,

437 +y2 —dy+4=4= 47 +(y-2)> =4

)
x2+(y 2)

= =l=a=2and

26.

b =1(now using the standard symbols)
=c?=a®-b*=4-1=3

V3

:>c=\/§:>e=£=—.
a 2

We first prove a result which we will use: let
m; and m, be the slopes of two nonparallel,
nonperpendicular lines. m; is the slope of the

line with the larger angle of inclination. Let
be the acute angle between the lines. Then

tano = M. (To see this result for
1+ mym,

positive-slope lines, let § be the angle of
inclination of the line with slope m;, and 6,
be the angle of inclination of the line with
slope m,. Assume my >m,.Then 6 > 6, and
we have o =6, —6,. Then
tan o = tan(6; — 6,)

_ tan§ —tan6,

l+tan 6, tan 6,

_m T

1+ myny ’
since m; =tang, and m, =tan &, .)
We can write the equation of the ellipse as

2 2
Z+2-=1 with a>b, and then
a” b
b2x*+a® y2 =a
Now we prove the reflective property of
ellipses (see the accompanying figure):
202 x+2a%yy =0= y' = _bz_x.
ay

Let P(xy, yo) be any point on the ellipse

bz)CO

y'(xo) =
a yo
be the foci.

2b2

. Let Fi(c,0) and F;(c, 0)

Yo
X0 +c

Then Mpp, = and Mpp, = . Let

Xg —C
orand [ be the angles between the tangent line
and PF| and PF; respectively. Then
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_Px
aly, %o=¢
1— bzxo)’()

azyo(xo—c)

B —b2)c02 + bzxoc - a2y02

tano =

2 2 2
a” yoxo—a“yoc —b " xgyy

2
b xpc (b2x02 + a2y02 )
—azyoc +(a® - b? )Xo Yo
2b2

b2x0c —-a
—azyoc+62x0y0
Yo
b2
Similarly, tan f#=—. Since
Cyo

tan o = tan 3, and ozand S are both less than
90°, we have a = f.
y

T~ Pl ¥

O
A
X

27. To prove the reflective property for
hyperbolas:

b2x% —a?y? = a2
2b2x—2a2yy'= 0

, b*x
y=—

azy
Let P(xy, yo) be a point of tangency (see the
accompanying figure). The slope from P to
Fi(=c, 0)is 2o and from P to F,(c,0) it
.XO +c
Yo
.XO —C

is . Let the tangent through P meet the

x-axis in point A, and define the angles
ZFPA =« and ZF,PA = 5. We will show

that tan o= tan £.

Appendix A5.3 671

Fl(—c, 0)

From the preliminary result in Exercise 26,

x0b2 _ Y
yoaz Xg+c
2
14| 22|

y0a2 Xo+c

x02b2 + xobzc - yoza

2

x0y0a2 + yoazc + x0y0b2
a’b* + xobzc

2 2
xoyoc + yoa C
Yo¢
In a similar manner,

Yo xobz
Xg—C yoaz b2

1+( Yo )[Xobz) Yo¢
Xo=C¢ )\ ypa

Since tan ¢ = tan 3, and & and f are acute

tanf =

angles, we have o = 3.

28. The tangent to the ellipse at P bisects ZAPC,

and the tangent to the hyperbola at P bisects
ZAPB. Since ZAPC and ZAPB are a linear

pair, so that mZAPC + mZAPB =180° and
mZAPC N mZAPB

2 2
ellipse and hyperbola are perpendicular.

=90°, the tangents to the

Appendix A5.3 (pp. 604-610)

Exercises

1. x2—3xy+y2—x=0

= B> —4AC =(-3)* -4()(1)=5>0
= Hyperbola

2. 3x2—18xy+27y> —5x+7y=—4

= B? —4AC =(-18)> —4(3)(27) =0
= Parabola
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10.

11.

Appendix A5.3

3x? —7)cy+x/ﬁy2 =1

= B2 —4AC = (-7)> —4(3)17 = -0.477 <0
= Ellipse

2x2—\/gxy+2y2+x+y=0

2
= BX_4AC = (—JE) —4()(2)=-1<0
= Ellipse

x? +2xy+y2+2x—y+2=0
= B? —4AC =22 —4(1)(1) =0 = Parabola

2x2—y2+4xy—2x+3y=6

= B? —4AC =47 —4(2)(-1)=24>0
= Hyperbola

x? +4xy+4y2 -3x=6
= B?> —4AC =4 —4(1)(4) =0 = Parabola

x2+y2+3x—2y=10

= B> —4AC=0%-4(1)(1)=-4<0
= Ellipse (circle)

xy+ y2 -3x=5
= B?2 —4AC=1>-40)1)=1>0
= Hyperbola

3x2 +6)cy+3y2 —4x+5y=12
= B% —4AC =6 —4(3)(3) =0 = Parabola

3x2 —5xy+2y2 —Tx—14y=—1

= B? —4AC = (-5)> -4(3)(2) =1>0
= Hyperbola

12.

13.

14.

15.

16.

17.

2x% —49xy+3y> —4x =17

= B? —4AC =(-4.9)> —4(2)(3) =0.01 >0
= Hyperbola

X2 —3xy+3y2 +6y=7

= B* —4AC=(-3)> —4()(3)=-3<0
= Ellipse

25x% +21xy +4y? =350x =0

= B? —4AC =217 —4(25)(4)=41>0
= Hyperbola

6x% +3xy+2y% +17y+2=0

= B —4AC=3>-4(6)(2)=-39<0
= Ellipse

3x2 +12xy+12y% +435x=9y+72=0
= B? —4AC =12% —4(3)(12) = 0 = Parabola

B 1 2 4

therefore x = x" cos @ — y” sin a,
y=xsin ¢+ y cos &

V2, V2,
xM——y

V2, 42,
> X=— =—XxX+—Yy
2 2 2 2

= [%x’—ﬁy'j[ﬂx'-kﬁyj =2

>

2 2 2

= lx'2
2

= Hyperbola

_%y,’z:z:x,z_y,z:‘t
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19.

20.

Appendix A5.3

COt 2&:&:&:0
B 1
T T
>20=—=>a=—,
2 4
therefore,

x=xcosa—y'sine, y=x"sina+y cosa

\/Ex/_ﬁ ’ 2 ’ \/5 4
2

= X=— , y=—X +—
2 Y,y 2 y
2 2

N2, N2 LY (N2, N2 ) (N2, N2 ) (M2, N2,
> —xX——) | | —X—— || —x+—) |+ —x+—) | =1

2 2 2 2 2 2 2 2

L o ,, 1o 1o 1 o 1,5 ,, 1,
==X =Xy +=y =X ==y =X+ X Y+ =y =1

2 Y 2y 2 2y 2 Y 2y

:>§x'2+ly'2=133x'2+y'2=2
2 2
= Ellipse
cot 2a=ﬂ=ﬂ=iz>2a=£:>a=£; therefore
23 B3 3 6
x=x'cosa—y'sine, y=x"sinax+y cosa
:>)c——)c'—l ! —lx'+£ !
) 2)’,)’ > > y
2 2
=3 ﬁx’_ly’ +2\/§ ﬁx’_ly’ lx’+£y' + lx’+£y’ -8 ﬁx’_ly’
2 2 2 2 2 2 2 2 2 2
1, B
+83| =X+ 2y |=0
= 4x2 +16y' =0
= Parabola
cot2a=ﬂ=£=L32a=£3a=£; therefore
B -3 3 3 6
x=xcosa—y'sin ¢, y=x"sin o+ y cos &
LB L 1B
> 2)’,)’ > > y
2 2
(B Y AL B B
2" 72Y 2 Tt T T Y
:>lx'2+§y'2=1
2 2
=2 +5y7 =2
= Ellipse
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21. cot20{zﬂ—1 1—0:2a——:a—— therefore
B -2 2 4

x=x'cosa—y' sina, y=x"sin ¢+ y cos &

2, 2, 2, 2
—x+7y

=>x= —y,y=
2 2 2
2 2
V2, V2, N2, 2 (V2 N2 ) (V2 N2,
> —xX——y | 2| —x—Y || —X+—y |+ —x+—)"| =2
2 2 2 2 2 2 2 2
=2y?=2
=2 =]
= Parallel horizontal lines
22. cot 20{—u 3-1 ! =20 2—”:a:£; therefore
B -2 f 3 3
x=xcosa—y'sin ¢, y=x"sin ¢+ y cos o
7 \/5 ’ \/5 ’ 1 ’
=SX==—X ——Y,y=—"—X+=Yy
2 2 2
2 2
=3 lx'—ﬁy' -2\3 l)c'—ﬁy' ﬁx’+1y' + ﬁx’—kly' =1
2 2 2 2 2 2 2 2
=4y% =1
= Parallel horizontal lines
23. cot2a=ﬁ=M=0:>2a=£:>a=£; therefore
B 22 2 4
x=x'cosa—y sine, y=x"sina+y cos a
f 2, 2, 2,
> x=— V,y=—x"+—1y
2 2 2
(B B B Y, o SR N
2 2 2 2 2 2 2 2
{ﬁ , \/E ,j
+8| —x"+—3" |=0
2 2
= 227 +8J2y =0
:>x'2+4y'=0
= Parabola
24, cot2a:ﬂ:E:0:>2a:£:>a:£; therefore
B 1 2 4
x=x'cosa—y'sine, y=x"sina+y cosa
BBy B
2 7 2 2
f BN, BN (L, B (B, B
— X ——y | =X +—y || —X+— || —x—— )y [+1=0
2 2 2 2 2 2 2 2
:>;x — '2 ~J2¥ +1=0
:>x2—y’2—2\/_x +2=0
= Hyperbola
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25.

26.

27.

28.

29.

Appendix A5.3

cot2a:£:£:0:2a:£:a:£; therefore
B 2 2 4

x=xcosa—y'sin¢, y=x"sin ¢+ y cos &

2 / 2 g Qx’—kﬁy'

S>x=—x—-—y,y=
2 T
2
2, Y J_J_ N2, N2 ) V2, N2 )
=3 —x'——y -—— —x+—y [+3]| —x"+—y" | =19
2 2 2 2 2 2 2 2
= 4x? +2y? =19
= Ellipse
cot 2a:£:3_(_1) :L: 2a:£:a:£; therefore
B YNNG 3 6
x=xcosa—y'sin ¢, y=x"sin a+y cos o
:>)c——3)c'—l ! —lx'+£ !
> 2)’,)’ > > y
2 2
A L (e 1B (1),
2 2 2 2 2 2 2 2
—5x2-3y% =7
= Hyperbola
cot20(—A_C ﬂ 3: 0520(—E (if we choose 2« in Quadrant I);
1— i i
thussmoz—,/1 cos 2¢ \f 5 andcosa—,/1+cosza \, 5
orsma——— and cos & =
[ ng
cot2a = ﬂ = 4—41 = 3 = cos2a = —E (if we choose 2« in Quadrant II);
(—eos2a _ [1+(3) /1+ 2 _ [1-(3)
thus sin & = cos 5 ——and cosa = cos 5
orsma———andcosa——
[ V5 ﬁj

tan 2a:_—1:l:> 200 = 26.57°
1-3 2

= o =13.28°
=sina = 0.23, cosa = 0.97; then A" = 0.88, B’=0.00, C’=3.12, D’ =0.74, E’ =-1.20,and F'=-3

= 0.88x2 +3.12y% +0.74x’ —1.20y’ =3 =0,
an ellipse
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30.

31.

32.

33.

34.

Appendix A5.3

:l:2az11.31°
2—-(-3) 5

= o =5.65°

= sina = 0.10, cos & = 0.995; then A" = 2.05,
B’=0.00,C’=-3.05, D" = 2.99, £’ = —0.30,
and F'=-7

= 2.05x% —=3.05y% +2.99x' —0.30y'—7 =0,
a hyperbola

tan 2o =

= o =26.57°

= sina = 0.45, cosa = 0.89; then A" = 0.00,
B’=0.00, C’=5.00,D'=0, E'=0, and
F'=-5

= S.OOy'2 —5=0o0r y'==%1.00, parallel lines

tan 2a:_—4:%:20{z53.13°

tan 2a=_—12=§: 20 ~36.87°
2-18 4
= o =18.43°

= sina = 0.32, cos & = 0.95; then A" = 0.00,
B’ =0.00, C’ = 20.00, D’ =0, E’ =0, and
F’=—49

= 20.00y’> —49 = 0, parallel lines

5
3-2
= o = 39.35°
= sina = 0.63, cosa = 0.77; then A" = 5.05,
B’=0.00, C’=—0.05, D’ = -5.07, E’ = —6.19,
and F'=-1
= 5.05x> —0.05y"> —5.07x'—6.19y' 1 =0,
a hyperbola

tan 20 = =5= 20 ~=78.69°

tan 2a:2L:—1:2a=—45°

> a=-225°

=sina = —0.38, cos o = (0.92;

then A’ = 0.55, B’ = 0.00, C’ = 10.45,

D’ ~18.48, E' ~7.65, and F’ =86

= 0.55x% +10.45y"> +18.48x +7.65y'— 86
=0, an ellipse

35.

36.

37.

2

(@) A’=cos 45° sin 45° = ££J££J - %

B'=D'=E=0,

C’ =—sin 45° cos 45° = —%, F'=-1

1 2 1 7?2 2 ’”2
=>—X"——y =l X" - =2
> 2)’ y
, 1, 1
(b) A =E,C =—E(see part (a) above),
D'=E=B=0,F'=-a
L o 1 » 2 02
=>—x"—— =a=>x" - =2a
> 2)’ y

Yes, the graph is a hyperbola; with AC < 0 we
have — 4AC > 0 and B* —4AC > 0.

The one curve that meets all three of the stated
criteria is the ellipse x>+ 4xy + 5y2 -1=0.

The reasoning: The symmetry about the origin
means that (—x, — y) lies on the graph
whenever (x, y) does. Adding

Ax* + Bxy+Cy> + Dx+ Ey+F =0 and

A(=x)? + B(=x)(=y)+ C(=y)* + D(=x) + E(~y) + F

=0

38.

and dividing the result by 2 produces the
equivalent equation

Ax* + Bxy+ Cy2 + F =0. Substituting x = 1,

y =0 (because the point (1, 0) lies on the
curve) shows further that A =— F. Then

—Fx* +Bxy+Cy> +F =0.

By implicit differentiation,
—2Fx+ By+ Bxy’+2Cyy’ =0, so substituting

x=-2,y=1, and y’ = 0 (from Property 3)
gives 4F + B=0= B=—-4F = the conic is
—Fx* - 4Fxy + Cy2 +F =0.

Now substituting x =—2 and y =1 again gives
—4F+8F+C+F=0=C=-5F = the

equation is now —Fx* - 4 Fxy —5Fy2 +F =0.
Finally, dividing through by — F gives the
equation x>+ 4xy + 5y2 -1=0.

If A= C then
B’ = Bcos 20+ (C — A) sin 2« = B cos 2¢x.

Then a:£:2a2223'23005220
4 2 2

so the xy-term is eliminated.

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



39. (a) B> —4AC =1-4(0)(0)=1=> hyperbola

(b)) xy+2x—y=0= y(x—-1)=—-2x

> y=——"
Y x—1

2 d
_2x _dy_

© y= x—1 dx_(x_1)2

@ = -2, the slope of y=-2x

dx

=-2= = (x-1)% =4

> x=3orx=-Lx=3=>y=-3

= (3, —3) is a point on the hyperbola
where the line with slope m =—-21s
normal = the line is y+3=—-2(x—3)
ory=-"2x+3;x=-1=>y=-1
=(-L-1

is a point on the hyperbola where the
line with slope m = —2 is normal

= the lineis y+1=-2(x+1) or
y=—-2x-3

A
i

[-9.4,9.4] by [-6.2, 6.2]

40. (a) False:let A=C=1,B=2

41.

= B> —4AC =0
= parabola

(b) False: see part (a) above

(¢) True:

AC<0=—4AC>0= B> —4AC>0

= hyperbola

’

a=90°= x=x"c0s90°—y"sin 90° =—y
and y = x"sin90° + y” cos 90° = x’

2 72
X y
(a) + =1
b @
’”2 2
y X
(b) - =1
a®> b?

and we want

42,

43.

44.

(d)

(e)

Appendix A5.3 677

’

4 7’ 4 1
y=mx=>x=m(-y)=>y =——Xx
m

y=mx+b=x"=m(—y)+b
1., b
=>y=—x+—
m m

o =180°

= x=x"cos 180° -y’ sin 180° = —x
and y = x”sin 180°+ y" cos 180° =—y

(a)

(b)

()
(d)

(e)

(a)

(b)

(a)

(b)

/

’

x/2 y/2
st =l

a b

x12 y»2 |

a* b2

X2+ y? = g2

y=mx= -y =m(-x)= y =mx

y=mx+b= -y =m(-x)+b
=y =mx'-b

B% —4AC = 4% —4(1)(4) =0, so the
discriminant indicates that this conic is a
parabola.

The left-hand side of

x2 +4xy +4y2 +6x+12y+9=0 factors
as a perfect square:
(x+2y+3)>=0=x+2y+3=0
=2y=—x-3

thus the curve is a degenerate parabola
(i.e., a straight line).

B2 —4AC =62-4(9)(1) =0, so the
discriminant indicates that this conic is a
parabola.

The left-hand side of

9x2 +6xy+ y2 —12x—4y+4=0 factors
as a perfect square:
Bx+y-2%=0=3x+y-2=0

= y =-3x+2; thus the curve is a
degenerate parabola (i.e., a straight line).
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45. Assume the ellipse has been rotated to eliminate the xy-term

3 : ’. 7 i’ 7. . 1 1
= the new equation is A"x 2iC y 2 =1 = the semi-axes are . f? and f;

= the area is 7 \/I |z _ 2z
A\NC ) Jac Jaac

Since B2 —4AC = B? —4A'C' =—4A'C’ (because B’=0) we find that the area is A as claimed.

V4AC - B?

46. (a) A'+C'=(Acosza+B cosa sin a + C sin® 0()+(Asin20(—B cosasin o+ C cos’ o)

= A(cos2 o +sin? )+ C(sin2 o +cos’ )
=A+C

(b) D?+E? = (D cos o+ E sin 0()2 + (=D sina+ E cos a)2

2 2 2

= D? cos® a0+ 2DE cosa sina+ E2 sin> o+ D* sin® @ — 2DEsina cosa + E* cos® a
=D? (cos2 o +sin? o)+ E? (sin2 o +cos’ )

=D*+E*
Appendix A6 (pp. 611-619)

Exploration 1 Viewing Inverses

1.

(7, y) forms a line that tends towards infinity.
(x,, y5) has a maximum y value of one and tends towards y = 0 while x extends towards infinity.

(x3, ¥3) has a maximum x value of one and tends towards x = 0 while y extends towards infinity.
2. (x3,y3) is the inverse of (x4, y,4). This means that their graphs will plot in opposite directions.

Exercises

1. sinhx= —i
4

= cosh x =\/1+sinh2 X

S

|
A w

I
=
+

>

=N
>

NG RV
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tanh x = = &/ __ =
cosh x (;) 5’
4
coshx = ! :—i,
tanh x 3
sech x = ! —i,and
coshx 5
csch x = _1 :—i
sin x 3
sinhx:i
3

= cosh x =\/1+sinh2 X

coth x = zé,sechx:
tanh x 4

and csch x = = E
4

Appendix A6 679

8
tanh x = =—"=—
cosh x (L) 17
15
cothx = I zg,
tanhx 8
sech x = 1 zg,and
coshx 17
csch x = ! :E
sinhx 8

4. coshxz%,x>0

tanh x = =—t=—
cosh x (E) 13
5
cothx = E,sechx: ! =—
tanhx 12 coshx 13
and csch x = I :i
sinhx 12

In Exercises 5-10, graphical support may consist of
showing that the graph of the original expression
minus the simplified one is the line y =0.

In x —In x
5. 2cosh (Inx)=2 (&J

2
1
:elnx+_
In x
e
=x+—

6. sinh 2Inx) =2
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7. cosh 5x+sinh 5x = 5 +

2 2

_ (ex )4
4x

4
X —X X —X
. e —e e +e
9. (sinh x+cosh x)4 = [ + J

10. In (cosh x+sinh x)+In (cosh x—sinh x) =In (cosh2 x—sinh? X)
=Inl
=0

11. (a) sinh 2x =sinh (x+x)
= sinh x cosh x+ cosh xsinh x
= 2sinh xcosh x

(b) cosh 2x =cosh (x+x)
= cosh xcosh x +sinh xsinh x

= cosh? x+sinh? x

2 2
2 ) et e et —e " 1 X, —x X —x X —x X —x
12. cosh® x—sinh“ x = 5 - 5 =Z[(e +e T)+(e —e )J[(e +e T)—(e" —e )J

=%<2eX><2e‘X>

- )

1
—1(4)
=1

13. y=6sinh X =L —6[ cosh X |[ L ]=2cosh =
37 dx 33 3

14. y= %sinh QCx+D)= ? = %[cosh (2x+1](2) =cosh (2x+1)
x

15. y =2+t tanh v/t =2¢% tanh /? = % =[sech?(1"/?)] (%f” 2)(2;“ )+ (tanh 1%y 7V?)
t

= sech2 \/; + tanh \/;

Ji

16. y= 1> tanhl =t>tanht! = ? = [sechz(t_l)](—t_z)(tz) + (2t)(tanh t_1)= —sech? l+ 2t tanhl
t t t t
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dy coshz

17. y=In(sinh 7) > —=— coth z
dz sinhz
18. y=In(coshz)= @ = sinh 2 =tanh 7
dz coshz
19. y=(sech )(1-1In sech ) = % - (—Mhta“he](sech 6) + (—sech @tanh @)(1—In sech 6)
secC

=sech@ tanh @ — (sech @ tanh €)(1 —1n sech 8)
= (sech@ tanh #)[1—(1—1n sech8)]
= (sech@ tanh £)(In sechd)

—csch @ coth 6
csch @
=csch @ coth @ —(1—1n csch f)(csch @ coth 6)
=(csch 8 coth 8)(1—1+1n csch 6)

= (csch @ coth #)(In csch 6)

20. y=(csch #)(1-1In csch 8) = % =(csch 0)[— j+ (1—1n csch @)(—csch @ coth )

dy _ sinhx

21. y=Incosh x—%tanh2 x = —(%j (2tanh x)(sechzx)

dx coshx

=tanh x — (tanh x)(sechzx)
= (tanh x)(1 —sech”x)

= (tanh x)(tanh2 X)

= tanh3 X

dy _coshx

22. y=Insinh x—%cothz x = (%}(z coth x)(—csch? x)

dx sinh x
= coth x+(coth x)(csch2 X)
= (coth x)(1+csch? x)
=(coth x)(coth2 X)
=coth’ x

23. y=(x>+1)sech (In x)

42 2
=(x +1)(elnx —lnx]

+e

:(x2+1)( 2_1j
X+x
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24. y=(4x* —1)csch (In 2x)

a2 o2
=(4x 1)(eln2x _e—anxJ

= (4x2 -1) (;J
2x—(2x)7!

=(4x2_1)( 4x )
4x% -1

dx

25. y= sinh ™ '/x = Sinh_l(x”z)

1,12

Lo BT
dx 1+ (x/2)2
__
2\/;\/1+x

1
2 x )
26. y= cosh™! (2«/x+1) = cosh_l(z(x+l)1/2)
gy @(5)ern™?
[2(x+1)1/2 T -1

1

e+ ax+3

_ 1

VA +7x+3

27. y= (1-6)tanh™! @

dy B
3@-(1—9)( - 2]+(—1)tanh 0
ZL—tanh_le
1+6
= 2 -1 dy _ 2 »
28. y=(67+20) tanh ™ (O +1) = =2 = (67 +26)| ———— |+ (26+2) tanh ™' (O +1)
a6 1-(0+1)

2
=¥+(29+2) tanh ™! (8+1)
6% -26

=(260+2) tanh ™' (9 +1)—1
1),-1/2
1- (l1/2)2

= L— coth™! \/;

yN/i

2. y=(-neoth™Jr =(-ncoth™ (¢ 1) :j—y=(1—t) +(=1) coth~ 1 (¢17?)
t
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1

30. y=(1-r*)coth™!¢ :%:(1—:2)( j+(—2t)c0th_1t
t

1-1?
=1-2tcoth™ !¢
31. y:cos_lx—xsech_lx :>d—y: - x{ -l J-p(])sech—lx
dx l—x2 X l—x2
= ! + ! —sech™lx
\/l—x2 \/l—x2
=—sech™'x

32. vy =1nx+\/1—x2 sech!x =1nx+(1—x2)msech_1x

:>d—y=l+(1—x2)“2 il B A-x2)"Y2(<2x) sechlx
dx «x 2

x\/l—x2

sech™x

X
X X ;1_x2
X —
=— sech™lx
1-x2

(1))
S

__ In(1) —In(2)

)

_ In2
ey’

o
34, yoesch 20 o o (0227

do 20 /1+(29)2
1

n2

Ppe—

—_

33. y:csch_l(ljezﬂ:_ [
2 de
(3)

1+2%¢
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ol
35. y=sinh(tanx) 40. 1f y:xtanh_1x+%ln(l—x2)+c,

- dy sec? x . 1 1 ,
dx Y _ -1 1 —2x
d \/m then E_tanh x+x(1_x2]+2[ 2)

1-x

_ sec? x = tanh ™! X,

\sec? x which verifies the formula.

2

_see X 41. Let u=2xand du =2 dx.

|sec x| . 1¢.
_|secx||secx| Is1nh2xdx=EI51nh u du
- |secx| _ cosh u L
= |sec x| 2

_ cosh 2x +C

36. y=cosh™! (secx) 2

& _ seex)tanx) 42, Let =" and du=dx.
5 5

dx sec? x—1
_ (secx)(tan x) jsinhg dx=5[sinh u du
[ 2
tan* x =5coshu+C
_ (secx)(tan x) .
h |tanx| =SCoshg+C

T
=secx,0<x< E .
43. Let u :§—1n3 and du = dx.
37. (a) If y=tan~' (sinhx)+C, then

[6cosh X n3 dv=12[ cosh u du
dy _ coshx _ coshx 2

= = =sech x, )
dx  1+sinh®x cosh?x =12sinhu+C

which verifies the formula. —12sinh [ % —In 3) C

(b) If y=sin"!(tanh x)+ C, then
44. Let u=3x—In2 and du = 3dx.
dy sech? sech? et u=3x—In2 and du =3dx
—= = =sech x,

dx [ _ann? . Sechx [4cosh (3x—1n2)dx :%Icosh u du

which verifies the formula.

:isinhu +C
3
X -1 1 2 4
38. If y=7sech X_E 1-x" +C, then =—sinh(Bx—In2)+C
3
2 p—
ﬂ=xsech_1x+x—[ ! ]+ 2 X 1
dx 2 x\/l_xZ 4\/1_x2 45. Let I/l=7and du=7dx
= xsech™! x, which verifies the formula. Itanh x D=7 J- sinh u du
7 coshu

2 :7ln|coshu|+C

_x7—1 -1 X
39. If y= coth x+§+C, then =7ln|coshu|+C1
2 x
ﬂ:x(;()th_l x4+ X 1 1 +l =7In COSh; +C
dx 2 1-x2) 2
=xcoth™! X,

which verifies the formula.
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46.

47.

48.

49.

50.

o de
Let u=—and du =—.
ﬁ NE)
coshu
th—d¢9
J.CO 3 J_I smhu
=fln|smhu|+C
o
=x/§ln sinh—|+C
NG

Let u= (x—%j and du = dx.

Isechz (x—%j dx = _[sechz u du=tanhu+C

= tanh[x—l)+C
2

Let u =(5—x) and du = —dx.
jcschz(s —x)dx = —_[cschz u du

=—(—coth u)+C
=coth u+C
=coth(5—x)+C

dt
Let u=\/;=f1/2 and du =——=.
2t
J‘M dt = 2.[sech utanh u du
N

=2(-sechu)+C
=2 sech\/; +C

Let u=1Int anda?u:ﬂ
t

ICSCh (Inf) coth (In?) dr
t
= Icsch ucoth u du

=—cschu+C
=—csch (Int)+C

Appendix A6 685

51. Let u =sinh x, du = cosh x dx, the lower limit

n2 -2 2-(1
is sinh(ln2)=e ¢ = (2) =§ and
2 2 4

the upper limit is

1
4_ _
eln4_e—1n4 (4) 15

sinh (In4) = = =,
(nd) 2 2 8
In4 In4
In cothxdx=jIl C?th
In2 In2 ginh x
15/8 1
—du
34y
15/8
=[1 | |]3/4
SRR
1n—~0916
2

52. Let u =cosh 2x, du = 2 sinh (2x) dx, the lower
limit is cosh 0 = 1 and the upper limit is
cosh(21n 2) = cosh(In4)

eln4 + e—1n4

In2 In2 si
In tanh2xdx:jrl de
0 0 cosh2x

1,17/81

:ll 1—7~0377
2 8
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53, I 2500 cosh 6 d6 du =sec? 6 d6, the lower limit is
T
-0 tan| —— |=—1 and the upper limit is
_J- 1n2 g{e +e j 40 ( 4j pp
In4
T
—In2 20 tan (—) S 1
=], @ +nae 4
—1n2 12
20 ! 56. [7'2 sinh (sin§)cos 6 d6
=|—+6 0
2 1.
_1n4 = 2_[ sinh u du
o212 o 2In4 0 |
=| =52 || =5 —-n4 =2[cosh u],

{ 1 =2(cosh 1—cosh 0)
=|=—In2 |-| ——1n4 -1
[8 j (32 ] - [”e —1]

3 2
=——In2+2 In2
32

=e+e ! —2~1.086,
= i+ In2 where u =sin8, du =cos8 do, the lower
limit is sin O = 0 and the upper limit is
=(0.787 x
sin(Ej =1.
In2
54. IO“ 4¢7% sinh 6 d6
2 In2
m2 . _g P 57. I Mdt=jn cosh u du
= jo 4e?| = | do L 0 o
. n
= [smh u]o
=2f "2 _e29) 46 = sinh (In2) - sinh (0)
0 n2 _ —In2
20 In2 - -0
=2|0+— 1 2
0 =2_§
212 o0 2
=2{|In 2+ - 0+— 3
2 2 _—
1 1 1
=2\ In 2+§_E where u =Int, du =-dt, the lower limit is
t
=2 In 2+1_1 In 1 = 0 and the upper limit is In 2.
4
In4—>=0.636 s8. | Scoshx |
4 L

2
/4 =16_[1 cosh u du
J._” cosh (tan 8) sec 2946

55. =16[sinh u]}

osh u du =16(sinh 2 —sinh 1)

inh u] 1—s1nh () —sinh (-1) =16H62 —ze_zJ_[e—ze_l ]]

[

-1l
[ ]{ 2 J 8% —e 2 —e+e 1) =39.227,
6‘

ey where u :\/_:xl/z, du :lx_l/z dx = dx ,
2 2 2x
S 2.350, where u = tan @, til/ilower limitis v1=1 and the upper limit is
4=2.
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0 0
59. [ cosh? (f) dx= | coshx+l
—In2 2 —In2 2

0
= %Llnz(cosh)ﬁl)dx

= %[Sinh x+ x]g1r12

= %[(sinh 0+0)—(sinh (-1n2)—-1n2)]

1 e—ln2_eln2
== (0+0)—{——1n2j
2 2

=l —(%)—_2+ln2
2 2

=1[1—1+1n2j
2 4

:§+lln2
8 2

=§+1nﬁz0.722

In10 In10 —
60. [ 4sinh2(fj dr=| ! 4(Mj dx
0 2 0 2
In10
=2j0n (cosh x—1) dx

=2[sinhx—x]y' "

=2[(sinh (In10)—1In10)—(sinh 0—-0)]

=elIl10 _e—lnlO _21n10
=10—i—21n10
10

=99-2In10=5.295
2 2

61. cosh’? x—sinh?x=1, so fo #r(cosh? x—sinh? x) dx:;zjoldxzzzz.

In+/3 2 In+3
62. J._hh/gﬂsech xdx=r[tanhx]_ s
. eln\/g_e—ln\/g _e—ln\/g_eln\/g

eln\/§+e—ln\/§ e—ln\/§+eln\/§
Con eln\/g_e—ln\/g

eln\/§+e—ln\/§

_ 1
35

3+

3+1

=

k‘

=2

W

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



688  Appendix A6

ln\/E J-ln\/g

63. j 7(1—tanh x)*dx = (1-2tanh x + tanh? x) dx

j (2 2tanh x—sech? x) dx

= 7r[2x—2In(cosh x) — tanh ]“‘JF

— 7[ 210199 = 21n [ cosh ( ln\/199)J—tanh(1n\/199)}
[ eln\/@+e—ln\/@ eln\/@_e—ln\/@
= 7| 2In/199 = 21n _
ln\/@ —ln\/@
e +e
i 2
199 +- 1L \/199——
=7|1In199—-1In ( +‘/@) \/@
4
199 + J@
i 1994241 _
=7|In199—In 199 | _199-1
4 199 +1
=7|1n199—1n (IO’OOOJ—Q
i 199 ) 100

VA
[ 99 99) =1.214

64. (a) y= %cosh 2x = y’=sinh2x

In«/5
= L= .[Om/_«/lJr(sinh 2x)2dx

In~/5
= J.On\/_cosh 2x dx

1 lnx/§
= {— sinh Zx}
2

() y="coshar= 1+(y)? =1+sinh? ax = cosh? ax
a

b
= L= I() cosh? ax dx

b
= IO cosh ax dx

| sinh ax b
4 Jo

_ sinhab

a

Copyright © 2012 Pearson Education, Inc. Publishing as Prentice Hall.



65. (a)

(b)

66. (a)

(b)

Let E(x) :M and
O(x) = M Then
E(x)+O0(x) = f(0) +2f (=0 , [ —2f (=x)

_2f(x)

2

= f(x).

Also, E(-x) = JE0+ ; (=(=x))
2
= E(x)

= E(x) is even, and
(- - LT CCD)

__JfO-f(=»)

2

=-0(x)
= O(x) is odd. Consequently, f(x) can be
written as a sum of an even and an odd
function.

X —X

e +e
Even part: — =coshx

X —X
e —e

odd part: =sinh x

If fis even, then

fQ+ (), f)=f (=)

2 2
_2® S f)
2 2

=f(0)+0

If fis odd, then
fQ+ (), f0) = ()

2 2
A N ACO R ACIRNIC))

2 2
=0+/(x)
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67. Note that ﬂ =, /E sech? ﬁt g—k
dt k m m

=gsech2( g—ktj

m

Then m£=mg sechz[,/g—kt] and
dt m

2
mg—kv2=mg—k£f%tanh[ %kt}:l
. 2
:mg{l—tanhz{ g—tﬂ
m

=mg sechz{ g—ktj
m

Thus, m% and mg —kv? are equal to the
t

same quantity, so the differential equation is
satisfied. Furthermore, the initial condition is

satisfied because v(0) =, /% tanh 0 = 0.

68. (a) s(t)=acoskt+bsinkt

= é = —ak sin kt + bk cos kt
dt
dzs 2 2
— = —ak” coskt — bk~ sin kt
dt
= —k?(acoskt +sin kr)
=—ks(t)

=> acceleration is proportional to s. The

negative constant —k? implies that the
acceleration is directed toward the origin.

(b) s(t) = acosh kt +bsinh kt

= é = ak sinh kt + bk cosh kt

dt
2
= d—; — ak? cosh kt + bk? sinh kt
dt
= k?(acosh kt +sinh kt)
= k2s(t)

= acceleration is proportional to s. The

positive constant k2 implies that the
acceleration is directed away from the
origin.
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d_y_ -1 X

-1 X
69. = + =>y= dx+ dx
dx x\/l—x2 \/1—x2 J.)cx/l—x2 I\/l—xz

=y =sech_l(x)—\/1—x2 +C;x=1land y=0
=>C=0=> y:sech_l(x)—\/l—x2
X dy V X X
70. y=4coshZ:1+(—yJ =1+sinh? (Zj:cosh2 [Zj, the surface area is

dx

2
In81
s=[" 2ﬂy,ll+(d—yj dx
~In16 dx
In81 In81
- S;zj "0 cosh? [fj dx = 4;:[ ! (1+oosh fj dx
—Inl6 4 —-Inl6 2

¥ In81
= 47{x+25inh—}
2 16

- 47rK1n81+ZSinh(ln;lD—(—lner2sinh(_lgl6jﬂ

=47[In(81-16)+2sinh (In9) + 2sinh (In 4)]
— 47 [In(9-4)2 +(eM? —¢IN9) 4 (¢4 _ o~ In4y

=47|2In36+ 9—l + 4—l
9 4
=4ﬂ'[4ln6+&+gj
9 4

320+135j
3

:47z(41n6+

:167rln6+% = 248.889

71. y=acosh [ﬁ)

a
:>y’=sinh(£j
a
(32
= y”"=| — |cosh| —
a a
(el
a a
[ (2]
=| —|,/1+sinh”| —
a a
=[1j 1+(y)?.
a

Also, y(0) =sinh(0) =0 and y(0) = acosh(0) = a.

72. (a) Let the point located at (cosh x, 0) be called T. Then A(u) = area of the triangle AOTP minus the area
h
under the curve y =+ x> -1 fromAtoT= Alu) = %cosh u sinhu —LCOS “ \/xz —1 dx.
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h
(b) A(u)= %cosh u sinhu — LCOS “Ux? -1 dx

= Au) = %(coshz u+sinh? u) — (v cosh? u —1)(sinh u)
= lcosh2 u +lsinh2 u—sinhZ u
2 2

= %(cosh2 u —sinh? u)

(g

N | =

© A= % = A(u) = %+ C, and from part (a) we have A(0)=0=>C =0=> A(u) = % = u=2A®)
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